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Abstract
An investigation has been made of some of the components that are used in the
Pound system for frequency-stabilizing a microwave oscillator. Special attention has been
given to the detector and modulator crystals. Experimental data have been taken to deter-
mine the optimum condition for match of the detector crystal. In conjunction with this
investigation, the sources of spurious signals and the importance of these signals are
discussed. The efficiency of the modulator crystal and the conditions for its operation
have been determined. A signal has beentraced through the entire stabilizing circuit and
an expression has been derived relating all of the adjustments and circuit parameters to
the system performance.
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NOTES ON THE POUND MICROWAVE FREQUENCY STABILIZER
1. Introduction
This report is a collection of notes taken by the authors during a study and
detailed analysis of the Pound stabilizing system. The methods of analyzing certain or-
tions of the system differ from those presented by R. V. Pound although the results
are similar.
The stabilized system investigated is the type utilizing an intermediate fre-
quency. Pound has indicated that the increased performance and adaptability of this type
of stabilizer arise from two main factors. First, fo a given bandwidth, the detector
crystal noise output will decrease as the center frequency of the rectified crystal out-
put is increased. Second, the d-c level of the stabilizer voltage output may be easily
set to the value demanded by the type of microwave oscillator employed. No further com-
parison of this type of stabilizer to other types has been made, but rather, the work has
been directed toward a fuller understanding of the mode of operation of some of the system
components. All experimental work has been done at a frequency of 9,000 Mc/sec although
the method of theoretical attack is general.
A superficial description of the functioning of the waveguide circuit, as well
as the lower-frequency circuits completing the feedback loop, is in order before detailed
analysis of each component of the circuit is attempted. The complete stabilizer is illus-
trated in the block diagram of Fig. 1.
Figure 1. Block diagram of stabilizing system.
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Referring to Fig. 1, the energy from the source divides equally at the magic T
between the cavity and the detector crystal. The detector crystal is matched to the wave-
guide and therefore no energy is reflected. The energy traveling to the reference cavity
is reflected with a phase and amplitude depending on the difference between the frequency
of the source and the resonant frequency of the cavity. If the source is not at the same
frequency as the cavity, power is reflected from the cavity back to the magic T, where it
divides between the source and modulating crystal. Only the r-f energy reflected from the
cavity to the modulating crystal is considered since energy reflected into the source arm
is lost in an attenuator. The usable energy from the cavity is impressed on the modulating
crystal and is returned to the T unction in two sidebands. These sidebands divide at the
magic T; half combines with the energy entering the detector crystal arm directly from the
source, and the other half goes toward the cavity and produces a secondary effect which
may be neglected. (See Appendix A.)
In the arm leading to the detector crystal, the directly-coupled signal combines
with the two sidebands to give a wave consisting of a "carrier" and two sidebands. The
detector crystal follows the envelope of this modulated wave, producing an output which
is applied to the i-f amplifier.
A detected signal is desired only when the frequency of the generator differs
from that of the cavity. When the frequency of the generator is the same as that of the
cavity, the cavity looks like a pure resistance. Let us assume for the purpose of this
preliminary discussion that the cavity looks like a matched load at resonance so that no
energy will be reflected from the cavity and therefore no discriminator output produced.
If the frequency of the generator changes, however, the cavity will no longer be a purely
resistive load but will have a reactive component of impedance. This reactive component
will cause a reflection from the cavity which will change phase by 180° as the frequency
of the generator is moved through the resonance of the cavity. The length of the path
(from the magic T to the cavity and then back to the modulator crystal) should be adjusted
so that energy reflected from the reactive component of the cavity combines in the guide
leading to the detector crystal with the directly coupled energy to give an amplitude-
modulated wave at the detector crystal. Of some interest is the fact that energy reflected
from any resistive componert f cavity mismatch will cause a phase-modulated wave at the
detector crystal. Reduced discriminator efficiency but no i-f output will result from this
condition.
Summarizing, the discriminator function is to convert an error in frequency into
an i-f signal whose amplitude is dependent on the magnitude of the frequency error, and
whose phase is reversed 1800 with respect to a reference signal according to the direction
of the frequency error.
An i-f amplifier amplifies the desired signal components in the detector-crystal
output. This amplifier is the main source of gain in the feedback loop. The principal con-
sideration here is that the band of frequencies accommodated by the amplifier must be suf-
ficient to pass the bandwidth demanded by existing rates of variation of the r-f generator
without introducing excessive phase shift.
-2-
__ _
The phase-sensitive detector, following the i-f amplifier, compares the amplified
signal with a reference signal obtained from the source that drives the modulating crystal.
The output of this detector is proportional to the magnitude of the input signal and to the
cosine of the phase angle between the input and reference signals. In other words, the
phase-sensitive detector output, as determined by the magnitude and direction of the fre-
quency error of the source relative to the reference cavity, will vary above and below a
quiescent d-c level. By shifting the reference signal 1800 in phase, either a positive or
negative correction voltage output may be obtained for a given direction of frequency error.
The feedback path may now be completed by connecting the detector output to the
frequency-controlling electrode of the oscillator. In the case of the reflex velocity-mod-
ulated tube this is the reflector electrode. The connection is made in such a manner as to
diminish the frequency error causing the control voltage. The separate parts of the circuit
will now be discussed in more detail.
2. Microwave Circuit
2.1. Resonant avity.
A waveguide coupled through an iris to a cavity mar be approximated for analytical
purposes by a parallel line terminated in a parallel-resonant circuit. This combination is
represented by its equivalent circuit in Fig. 2.
-r% Imy3
Figure 2. Equivalent cavity-arm circuit
The input admittance is
1
S +J .C+ _ = O+J(w- L). (1)
The unloaded Q of the cavity may now be defined as
Q . a = wCR (2)L 0
where
w = 2 f (3)
and f is the resonant frequency.
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Y = G+jQG( - -2) = G+Qf G(L. ). (4)
w w f f
The ratio of reflected voltage from the cavity to incident voltage my be repre-
sented as:
e Yo - Y
= (5)
einc. Yo + Y
where T is the characteristic admittance of the guide. The characteristic admittance may
be considered as purely real; thus
Y PO . (6)
Substituting (4) and (6) into (5), we obtain
(Go-G) - JQG?
(G+G) + (7)0
where
3 - f - . (8)
We treat first the case where the hole coupling the cavity to the guide has been
chosen of such a size as to match the cavity to the waveguide at resonance.
Thus,
O G (9)
-JQG -1 etan (10)
o0 +o
Equation (10) is a good approximation for y in the vicinity of resonance for a
matched cavity. It may be simplified by the following approximations if the region of in-
terest is restricted to the immediate vicinity of resonance (QF(O.1).
-ejta n l 2 -1
-e _ ejtan 2
but
f f2_ f 2
f f ff f(12)
o o o
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or - 1 ff tan feta (13)
'Y e Qbf f -J f
o o
since tan- fo is very close to 90° when Q(O.1.
QAf
In practice the cavity will be slightly over- or undercoupled. Rewriting Eq.
(7) and separating the real and imaginary components, one obtains
G 2 2 Q 222
G 2 + 2G G+ +Q FG Go + 2GoG+ G +QFG(14)
For QF <0.1, Q2 F2 G2 <( G2,
G 2 _G 2+2 - G +
2 2 2- Q'(15)Go + 2G G + G G0 2a + G2
o o o o
It was mentioned in the Introduction that the length of the path for the signal
relative to the directly coupled energy is important. Section 4 indicates the manner in
which this relative phase shift enters into the signal detected at the detector crystal by
producing either phase or amplitude modulation. Equation (15) represents the voltage wave
reflected from the cavity when multiplied by einc: a constant. Since the imaginary part
of this voltage is the frequency-varying component, and the detector crystal responds only
to amplitude modulation, the path length is adjusted so that this reactive component causes
the desired amplitude modulation. The real part of Eq. (15), since it is in quadrature
with the imaginary part, causes only phase modulation at the detector crystal and produces
no signal. Moreover, with the above approximations, the real part is not a function of
frequency. Thus, the component of the reflected voltage producing the signal is,
e. 2QFGGe e ei _ inc. o (16)
refl. inc. G2 + 2G G+ G2(16)
o o0
When the cavity is undercoupled,
0 G0r (17)
where r = voltage standing-wave ratio of the cavity at resonance.
When the cavity is overcoupled, (18)
r
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* The total error caused by the approximations is less than 0.5 per cent for Af =
50 kc, Q = 10,000 and f = 10,000 Me/sec.
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From Eq. (16) and either (17) or (18),
erefl.
'
-einC. 2Qpr (19)inc- 2
r + 2r +1
When 2 r is a maximum the signal will be a maximum. This occurs at r = 1.
r + 2r+ 1
Thus for a given mismatch of the cavity, y is decreased by the ratio
=r \It1/4> Z ·ir (20)r2 + 2r + r + + 1 (20)
2,2. Modulator rstal
The purpose of the modulator crystal is to change the energy incident upon it
from the cavity into two sidebands differing in frequency from the incoming signal by plus
and minus the intermediate frequency. To accomplish this, a voltage at the intermediate
frequency is applied across the crystalls output terminals. The crystal termination is
adjusted so that the desired sidebands are generated and none of the incident carrier is
reflected.
The method by which the crystal generates the sidebands may be considered in the
following way. The ratio of incident to reflected voltage from a termination, ZL, of a
transmission line may be rewritten as:
ZL - Z
n. z + Z = inc. (21)
L 0
where NI is the reflection coefficient of the modulator crystal. Tow, as the crystal
impedance is varied by the voltage applied to the crystal, 'tm will also vary. Moreover,
1t will in general have real and imaginary parts, both of which are functions of the
voltage applied to the crystal terminals. Thus,
'y = u+ v (22)
and
erefl. = einc.yIc J (23)
where
-1 v
= , tan 
u
Since the voltage applied to the crystal is a known function of time, Y t will be a known
function of time and may be represented by a complex Fourier series. However, as is shown
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in Appendix B, it is sufficient to investigate only the magnitude of Y , since, upon neg-
lecting a constant phase angle,
en. = ' 'einc. (24)
The Fourier series for ly l may be defined as
jIY l = a0 + a, Cog wlt + a2 cos aft . . . (25)
The above is an even series, since the voltage applied to the crystal is an even
function of time. Now, when I'l is multiplied by einc.' (which may be represented as
einc, = Einccos w0ot where 0 is 2n times the carrier frequency and w1 = 2 times the mod-
ulating frequency), the reflected voltage will contain several components, two of these
being (w0 t w1 )/2r.
These are the two components that are desired. An attempt was made to calculate
the coefficients} a, al, a2, . . . . from a static characteristic of the crystal; that
is, from the r-f voltage reflected from the crystal versus the d-c voltage applied to the
crystal. This was not considered further when the calculated values were found to differ
by a factor of two from the experimentally measured values. This difference only confirms
the fact that the static characteristic of a crystal,presumably because of the rather com-
plex equivalent circuit of the crystal, is not a useful measure of its dynamic characteristic.
Experimental measurements on several 1N23B type crystals show that in an average
crystal 32 per cent of the incident energy is reflected in the two main sidebands when the
termLnation is adjusted for no reflected carrier. This makes the Fourier coefficient, al ,
Df Eq.(25) equal to 0.4. The sidebands at twice the intermediate frequency from the car-
rier were measured to be down 10 db from the main sidebands and have been neglected since
the i-f amplifier attenuates any signal produced by these sidebands. Table I indicates
the wide variation in modulation efficiency obtained from several tpe 1N23B crystals.
TABLE I.
Crystal Total sideband Dower
Number Total incident power
1 0.24
2 0.29
3 0.44
4 0.09
5 0.40
6 0.34
7 0.40
average 0.32
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The ratio of sideband energy to incident carrier energy was measured as a func-
tion of the rectified current flowing in the crystal due to the modulating voltage. A
typical curve of sideband output power versus rectified i-f current is shown in Fig. 3. The
data for this curve were taken by adjusting the crystal termination so that no center-fre-
quency component was reflected with 10 ma of crystal current. The termination was not re-
adjusted as the modulating voltage was decreased.
The ratio of sideband energy reflected from the modulator crystal to the total
energy incident on the crystal was investigated as a function of the frequency of the micro-
wave generator and found not to be a function of this frequency over a 200 Mc/sec range, the
limited band tested. Also, as expected, mismatch of the crystal so that some energy is re-
flected at the frequency of the incident wave, up to a VSWR of 1.5, does not decrease the
ratio of sideband energy to incident energy by more than 10 per cent.
The ratio of the energy contained in the sidebands to incident energy was checked
for a 1N23B type crystal as a function of the magnitude of the incident energy. The results
of the test are shown in Fig. 4. These data were taken with the crystal termination matched
and with a crystal current of 10 ma (produced by the i-f driving voltage.)
2.3. Detector Crystal.
The energy incident on the detector crystal has been shown to be composed of a car-
rier and two sideband frequencies. The resultant of these three components is a wave whose
envelope varies in amplitude at an i-f rate. Acting as a peak linear detector, the crystal
produces an i-f output proportional to the envelope. The efficiency with which this demodu-
lation takes place is of considerable importance.
The effect of a mismatch between waveguide and detector crystal is twofold. Energy
lost by reflection represents lost signal power and therefore reduced demodulation efficiency.
Moreover, these reflections cn produce undesired signals.
Lost signal power is not of real significance, since it should be remembered that
the crystal output is proportional to the square root of the power absorbed. atching so
that the crystal absorbs a major portion of the incident energy is not difficult. Production
fixed-tuned crystal terminations are matched to less than 3 db standing-wave ratio over a 10
per cent frequency range. This means less than 5 per cent signal loss.
The undesired signals produced by reflected energy from a mismatched crystal termi-
nation are of much greater importance than the loss of desired signal. Power returning to
the magic T from the detector is mainly of carrier frequency. One half of this power goes
to the modulating crystal where sidebands are generated. These sidebands, returning to the
detector crystal, mix with the directly coupled carrier and cen produce either phase or am-
plitude modulation. Since the sidebands traverse the waveguide leading to the detector crys-
tal twice, their phase relative to that of the carrier may be shifted by changing the guide
length. This gives the possibility of minimizing the undesired signal, but it is a frequency-
sensitive adjustment. If sufficient crystal mismatch exists, this signal may overload the
i-f amplifier. In designing a stabilizing system with a specified loop gain, an investigation
-8-
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CRYSTAL TYPE - IN 23B
INCIDENT ENERGY- 32. MICROWATTS
AT 9375 MEGACYCLES
MODULATING FREQUENCY-20 MEGACYCLES
)
4 6 8 I0 12
RECTIFIED CRYSTAL CURRENT IN MILLIAMPERES
Figure 3. Modulator-crystal efficiency as a function of the level of the
modulating signal.
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Matched mount without biasing voltage
Special mount with biasing voltage
Figure 5. ffect of crystal bias on mismatch arising from level sensitivity.
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of the signal necessary to cause overloading of the i-f amplifier or phase-sensitive detec-
tor should be made. If the overload signal is less than that expected from a fixed-tuned
termination, an adjustable termination will have to be used.
A considerable part of the undesirable reflections from the detector crystal can
be traced to a power-level sensitivity of the crystal impedance. That is, the average r-f
impedance of the crystal changes with the magnitude of the r-f energy incident upon it.
Variations in the magnitude of the energy coupled directly into the crystal from the r-f
generator are inherent when the generator is tuned over a wide range by changing the re-
flector voltage.
The level sensitivity of a number of 1N233 crystal detectors was measured and it
was found that if the crystals were matched at an incident power between 0.2 and 0.3 w,
they reflected approximately 5 per cnt of the incident power when the power was decreased
to 0.01 mw. A negative d-c voltage applied to the tip of the detector crystal helps to
make the crystal less sensitive to the magnitude of the incident r-f energy. A tabulation
of the typical improvement in 1233 crystals is given in Table II.
TABLE II. Crystals matched with 0,3 mw incident power.
D-C VoltaiGe Applied Per Cent Power Reflected with 10 gw Incident Power
0 5
.10 8
.20 3.2
.25 0.3
.30 0.15
.40 0.15
Table II shows that applying a bias voltage to the crystal detector eliminates
much of the mismatch as the incident power is reduced. This is of particular importance
when it is desired that an oscillator stabilize automatically if it is turned on without
previous warm-up. Stabilization is facilitated if the discriminator curve is nearly ideal
and lacks the secondary peaks that can be caused by mismatch of the detector crystal as the
r-f power of the tube is changed. (See Fig. 5.) A convenient method of investigating the
shape of the discriminator curve utilizes a saw-tooth voltage applied to the electronic
tuning electrode of the microwave oscillator. The oscillator frequency is varied by the
sawtooth voltage and the resultant phase-sensitive detector output voltage as a function of
frequency may be viewed on an oscilloscope. With this method of measurement it was observed
that the irregularities at the edge of the discriminator curve were decreased in magnitude
with approximately one-fourth volt bias, but that the conversion efficiency of the crystal
was not decreased by an appreciable amount. With larger bias voltages the irregularities
were not helped much and the conversion efficiency began to decrease. Thus, one-fourth
volt bias seems optimum.
-12-
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A fixed-tuned crystal mount has been designed for this operating condition and
has the dimensions shown in Fig. 6. This termination is designed for a bias voltage of
0.25 volt. The average power reflected for several 1N23B crystals tried in the termin-
ation was 4 per cent. Figure 5 shows the improvement obtained by the use of this term-
ination.
3. IntermediateFreuencv and Detector Circuits
3.1. Itermediate-Frequency Amlifier.
This amplifier provides most of the gain in the feedback loop. When the fre-
quency of the microwave generator is varying, the signal through the i-f amplifier consists
of two sid6bands centered around the intermediate frequency. Since the phase shift of the
amplifier is not independent of frequency, the sidebands will be shifted in phase. Thus,
the phase characteristic as well as the amplitude characteristic of the amplifier should be
known for an analysis of the system. Also, since the phase shifts are objectionable, the
amplifier should be designed for a minimum, not simply for linear,phase shift. In general,
an i-f amplifier can be represented as having a transfer function of the general form
ia oei (26)
eout
where a and o are both functions of frequency.
It can be shown that the envelope of an amplitude-modulated signal will be shift-
ed in phase by an amount equal to the phase shift of one sideband, if the phase shift is
symmetrical about the center frequency. In general, one sideband will be shifted more than
the other and in this case the average value can be used. The exact way in which this
phase shift in the amplifier influences the stabilizing action is shown in the analysis of
a signal through the complete system given in Sec. 4 of this report.
3.2. Phase Detector.
The phase detector changes the i-f signal into a correction voltage which is ap-
plied to the frequency-controlling electrode of the r-f generator. The operation of the
phase detector is essentially that of a converter tube operating as a heterodyne detector,
which has been considered by E. W. Herold4. He has derived an expression for the conversion
transconductance and shows that the resulting plate current in a converter tube may be repre-
sented as
oo
ip a sinwst + 8 E an sin(wt) cos(nwot) (27)
n-1
ip = instantaneous value of plate current
E - peak value of signal voltage
SWs8/2T = frequency of signal
-13-
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w0/2n = frequency of local oscillator
a = Fourier coefficient (obtained by analysis of heterodyne-detector
n transconductance as a function of the injection-grid voltage).
For this stabilizing problem we are interested in detecting the difference-fre-
quency component between the local oscillator and the signal. Thus the term in the ex-
pression for plate current containing the difference frequency should be evaluated. Since
an output filter will remove all components with frequencies of w0/2T and higher, i may
be represented as:
ip - X8 2 sin(w8 ' )t ' (28)
The conversion transconductance of a converter is defined as the quotient of the
i-f output current to the signal input voltage. In this case, the conversion transconductance
is . The conversion transconductance cn be obtained from a Fourier analysis of a static
2
characteristic curve, This curve is a plot of signal grid-to-plate transcoutductance versus
injection-grid potential, for any tube used. The procedure is fully outlined in the refer-
ence cited.
Some mention should be made of the fact that the single tube phase-sensitive de-
tector commonly employed in the Pound stabilizer circuit is a half-wave detector. The ad-
vantages to be gained by using full-wave detection have been considered. Admittedly cor-
rection-voltage information will be obtained twice as often, but this is of real importance
only if the correction-voltage bandwidth approaches the center frequency of the i-f amplifier.
The i-f amplifier will produce excessive phase shift long before this condition can be re-
alized. The one obvious advantage to be gained is related to changes in the average current
through the detector tube caused by variations in amplitude of the reference frequency placed
on the injection grid. The two tubes generally required for full-wave phase-sensitive de-
tectors may be connected so as to cancel out the effect of reference signal amplitude varia-
tions. However, the single tube detector can be made relatively insensitive to amplitude
variations by driving the suppressor grid from the cutoff to grid current with the reference
voltage.
All of the full-wave phase-sensitive detectors tried have one or more of the fol-
lowing disadvantages:
1. They require sizable amounts of power from the reference oscillator.
2. They have an output balanced with respect to ground rather than unbalanced,
as desired.
3. They have low conversion efficiency.
4. They increase circuit complexity.
5. They are difficult to adjust.
6. They require r-f transformers or phase inverter.
7, They are impractical at high intermediate frequencies because of tube inter-
electrode capacitances.
-15-
313, Feedb ck ieier Problem3.3. eedback A fier
The stabilizing system as a whole can be viewed as a feedback amplifier. At mid-
bard fre(uency in the amplifier which is zero frequency for the correction voltage applied
to the r-f generator, the feedback is made to be negative by adjusting the phase of the ref-
erence signal fed into the phase-sensitive detector. Since there are phase shifts in the
amplifier circuit and output circuit of the phase-sensitive detector, the correction voltage
will be in phase with the error voltage at some frequency as the frequency of the error
voltage is increased. If the open-circuit system gain is greater than unity at this fre-
quency, the system will be unstoble when the feedback loop is closed and will oscillate.
This type of instubility has been observed on systems constructed. The method by which the
systems have been made stable in the past is to decrease the loop gain at high frequencies
by a condenser shunted across the output of the phase detector.
The design of the i-f amplifier arnd Tphase-sensitive detector may now be seen to
be a problem of feedback amplifier synthesis to obtain a circuitf that will allow an opti-
mum gain with the bandwidth desired for the given application. Bandwidth, as used in this
discussion, refers to the range of frequencies of correction voltages that can be handled
and not to the bandwidth of the microwave circuit.
The anplitude-frequency characteristic of the system has, in the past, been con-
trolled by a single resistsance-capacitance attenuator in the output circuit of the phase
detector. The i-f amplifier has been made as broadband as possible in order to keep its
phase shift to a minimum. The resistance-capacitance filter in the output was adjusted to
make the open-circuit gain less than unity at a frequency where the amplifier introduced an
envelope phase shift of 900. In this way the gain of the system is less than unity when the
total phase shift is 1800 (90 e in the amplifier and 900 in the R-C filter). To check this
procedure, an i-f amplifier was constructed, consisting of two identical,low-Q,center tuned
stages. The phase and amplitude characteristics were calculated and an experimental agree-
ment obtained. The foregoing type of design yields easily to calculation although it may
not represent an optimum system. It is entirely ossible to design the amplitude charac-
teristic into the i-f amplifier itself, and leave the phase detector widebAnd. The rel-
ative merits of this system remain to be investigated.
4. Analysis of a Sinal
The follo-ting aralysis will trace a signal through the stabilizing network. The
analysis is intended to be qualitative and will show the effect changes in different param-
eters will have on the resultant loop gin of the system. An experimental measurement of
the open-circuit loop-gain of a stabilized system will serve to evaluate all constants as a
unit. From this measurement, and the knomw phase-frequency and amplitude-frequency charac-
teristics of the i-f amplifier and phase-sensitive detector, a single calculation will de-
termine whether or not the system is stable and its margin of stability. In this analysis
"pulling" of the r-f generator by the high-Q stabilizing circuit has been neglected. It is
assurned sufficient isolation exists between the r-f generator and the stabilizing circuit.1 '5
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Consider the microwave generator to remain constant in frequency unless a potential is ap-
plied to the element of the generator that controls its frequency. The instantaneous fre-
quency of the generator may then be represented as:
f = f + f = f + 1e (29)
1 o o 0 11
where f = center frequency of the r-f generator
fl instantaneous frequency
Af = change in frequency from center frequency,
a1 = instantaneous value of voltage applied to generatorts frequency-controlling
electrode above or below the quiescent d-c value
= sensitivity factor of generator (cycles of frequency change per volt of
potential applied) 
The energy from the generator is divided as described in Sec. 1 of this report,
Let the instantaneous value of the voltage wave on the cavity after traversing the magic T
be expressed as:
e2 = 2cos(wlt + ), (30)
where 1 = 2wf1
86 arbitrary phase angle, to account for different lengths of paths for
energy going directly to the detector crystal and that going through the cav-
ity and modulator-crystal arms.
E2 a peak value of e2
From Section 2.1, the expression for the component of voltage reflected because of
the reactive component of the cavity impedance is
a* = e2 f = E f cos(w t +8) (31)3  f 0 2 (31)
This wave then traverses the magic T, the voltage being attenuated by 1 and
impinges on the modulating crystal. From Sec. 22 the instantaneous voltage reflected
from the modulator crystal can be represented as:
e =X2 eCo2 cos(W t + )cos t 8 t (32)
0
where
K2 = the modulation coefficient for the crystal modulator =0rO40
w2 = 2m times the intermediate frequency.
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Again this energy passes through the magic T and the instantaneous value of the volt-
age going down the waveguide to the detector crystal is the sum of the voltage reflected
from the modulator crystal and that coming directly from the generator, or:
e5 = 2 cos(wlt) + E2 Af cos(Wult + 6) cos t =
o
.=2 [COB Wlt + f o [ (wt +  6 + 2 t) + Cos(W1 t + 8 - w2 t). (33)0o
The detector follows the envelope of the impinging wave. It may be shown that
the envelope of the wave impinging on the detector crystal is:
Envelope = E2[1+2&+2os(w2 t + 8)+ cos(w2t-)+22cos(a2t)] (34)
where
A 2 . (35)4f0
The case we are considering is for f small. With the restriction, 2Qf 0.1, (which
was also employed in Sec. 2.1), A((1, f
and the envelope is approximately represented by
Envelope 2 E2[ 1 + 2A[cos(w2t + 8) + cos(w2t - 6)J] (36)
E2 C1 + 4A cos 2 t cos 8]~
Since tihecrystal acts as a linear detector for small signals, an expansion of Eq. (36) in
a power series in A gives
Envelope E52 1 + 2A os w2t os 8 - 42cos2w2t cos2 8 + ... . . (37)
This series converges rapidly when A <<1. The amplifier is frequency selective, accepting
signals only near the frequency f2. Thus the signal applied to the amplifier mny be rep-
resented as
e6 = 2 2Aco wt os 8 os 2 t os 8, (38)
Rhere K3 represents the conversion efficiency of the detector crystal and ant transfer
ratio in the coupling line to the i-f strip. This line is assumed to be wideband and to
introduce no phase shift.
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The phase angle, 8, may now be evaluated by inspection of Eq. (38). To make the
signal maximum, 8 must be a multiple of n radians or one-half a guide wavelength. More-
over, in deriving Eq. (31), only the reactive component of voltage reflected from the
cavity was considered. The effect of this assumption may now be examined. A reflection
from a resistive m;ismatch of the cavity is in quadrature with the reactive component.
This makes 8 an odd multiple of 2 radians or one-fourth a guide wavelength and thus this
component produces no signal in the amplifier.
From Eq. (29)
Af = 1ge1 = Ficos qt (39)
where E1 = peak value of "error" voltage applied to r-f generator
q = 2 times the frequency of e.
The voltage applied to the input of the amplifier may now be rewritten as:
e6 = Co123Q cs t cos qt = cos(W2t + qt) + cos(wt - qt)], (40)6 2 2 f
o
with K = E1E2K1K2 3Q
4f0
The amplifier may be thought of as operating on the i-f signal by an amplitude function,
c,and a phase function, $)where both; and e are functions of the frequency of el1 Thus
the signal from the i-f amplifier output may be represented as
e7 = KL(W . qC) os ) + O(W q) cos(w2t - qt + (W2 - i (41)
where subscripts in parentheses indicate frequency at which the quantity is evaluated
The phase detector may be considered to operate on the applied signal as described
in Sec. 3.2. Including a phase angle which will determine the phase angle of the ref-
erence signal relative to the signal from the amplifier, we obtain a multiplying factor,
i4cos(W2t + ~),
where
K4 = the conversion transconductance of the detector tube
= arbitrary phase angle.
The current, id , through the output load of the phase detector is then:
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i = [(X, +q)¢oos(w2t + qt )+ o(,wP) +0os(W 2 t - qt + Q(W2_))]x4cos(W2t + 0)
q) Cos tw 2 t + qt +a(w 2 + q) + w2t + ]
+ a( 2 + q) cos [w2t+ at + + q) -2t - ]
(2 - ) cos C2t- t + ( 2 _ )+ w 2t + ]
(42)
+ =(w ) cOs tW2t - t + ( _ o) 2t
On the output of the phase detector there will be a network determined by the
output capacttmce of the tube, the impedance of the line connecting the phase detector
output to the r-f generator, end the input impedance of the generator. In addition, a low-
pass filter is necessary to remove all frequencr components except the desired one, q/2n,
which in general is much lower than w/2n,
With the aboverestrictions, which allow the terms in Eq. (42) containing 2t
to be dropped, the correction voltage applied to the generator may be obtained by multi-
plying Eq. (42) by the transfer impedance of this output network. The transfer impedance
is represented as
1 2
e8 iF
p
Thus and ti are defined as:
= - amplitude function of output network. (a function of q)
(43)
r = phase function of output network (a function of q)
We obtain for the correction voltage,
8 = L- 4 B (w + q)Cos(qt + (w + q) - +) ( - q)s(+ -( ) + +
(44)
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= iK4gq (C 2+
The arbitrary phase constant, , may now be evaluated. Assume that maximum
sensitivity is desired for very low rates of change of frequency, that is q0. or
maximum stability, e8 should be opposite in sign to el and as large in magnitude as
possible. With these considerations in mind,
°8 = KCI[Cs(Q(2 ) - p + )] = 2K' cost cos(( ) - ). (45)
where
X' = K4 [^(2)
The output circuit is a low-pass circuit, so that
V -40, when q -0,
and
(46)es = 2Kt cos ((W) - 0).
Therefore for a maximum negative value,
CosO(w2) - ) 
and
(W2) 0 -
or
= (W2) - .
Substituting into Sq. (44), one obtains
3 
- :_ p[e( + )cos(qt + (w + q)2r ,$2 B~a~q. ~008(st~ O~lla+ )
+ .( 2 q)00s(qt - ( 2- q) +Y + (w2)
If the amplifier band-pass characteristic is symmetrical around
nearly so, the correction voltage may be represented as
W2 , or if it is very
(47)
+ - (w2))
(48)
__.___
e8 = - 48 c(q) [o(qt ) + )]
= - 4f - cos(qt + ;(q) + T). (49)
0
When (W + q) does not eqal ( q) and + q) does not equal . q) as
was assumed in arriving at Eq. (4), the value of the correction voltage may be cal-
culated from Eq. (48). For most practical design cases, however, q. (49) should prove
sufficiently accurate.
The open-circuit loop gain measured at zero frequency is a useful and easily.
obtained quantity. This factor, G0, is the incremental d-c voltage resulting at the
output of the phase-sensitive detector from a unit incremental d-c voltage applied to
the repeller electrode of the oscillator with the feedback loop opened at the repeller
cap. Note that since the impedance presented by the repeller is almost entirely capaci-
tative, the terminating impedance into which the phase-sensitive detector circuit operates
may be neglected at low frequencies.
Analytically, G0o may be found by setting the signal frequency, q, equal to zero
in Eq. (48). Thus
K
"8 ~ 4 6B[% c(O(=)+ -Q y + cos(- + +0 )]e - (2 -' lta0 os(w2)) %+  ws( o 0(w2) (w2)
= _ EE2IgagK2K3Kq 
,-_ < 41 o cos l.o (50)4f 00
o
At q = 0, e8 becomes a time-invariant voltage; alsoy = 0. Therefore we may write
18 O - 4f . KiK 2 3 4 Q (51)
(noting that 0 and % have been evaluated at q 0).
Substituting Eq. (51) into Eq. (49) simplifies the expression for e8 to
e8 E1GOatI cos(qt + Aiq) + ), (52)
where
' = A
t
= a.
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The condition for a stabilizing system that will not be oscillatory can now be readily
evaluated. At the frequency where
a(q) + (q) = 180°, (53)
the criterion for stability is
Go 'It< 1. (54)
Thus, measuring G and the phase and amplitude characteristic of the i-f amplifier and
phase-sensitive detector will be sufficient to determine whether a given circuit will be
oscillatory. The impedance of the repeller must be included in the output circuit of
the phase-sensitive detector in the measurement of 1'.
-2.3-
A pendix 4
Another source of undesired signals can be traced to sideband power going to
the cavity. This energy will be reflected almost undiminished in amplitude and be re-
modulated at the modulating crystal. The remodulation produces frequency components re-
moved by twice the intermediate frequency from the microwave carrier, and also a component
at the carrier frequency. The 60-Mc sidebands, after another remodulation, will give a
signal component at the detector crystal which is at least 20 db down from the original
signal component and so is negligible. Further remodulations are certainly of negligi-
ble magnitude also. Note that the magnitude of the signal cansed by the above effect var-
ies directly with the desired signal as compared to the relatively constant signals caused
by a mismatched detector crystal.
Appendix B
Figure 7 represents diagramatically the crystal in the waveguide.
El COS w t
MODULATING
VOLTAGE )
CRYSTAL
Figure 7.
From transmission line theory,
erefl = einc 7 eincy* (B1)
where
ZL = load impedance determined by the crystal termination .
ZO = characteristic impedance of the waveguide looking back
from the -crystal,
= reflection coefficient,
As the modulating voltage across the crystal is varied, we may represent the reflection co-
efficient by its real and imaginary parts as
y' = u+ J. (32)
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Since the voltage across the crystal is varied as a known function of time, may be
represented as a function of time. Also, if te crystal is driven by an even function
of time, as is indicated,
¢t) = u(-t)
v(t) = v(-t). (3)
By Fourier's theorem we may represent
U(t) a + n cos nwt (4)
co
V(t) b + X bn cos nwt.n=i (35)
Only the cosine terms are present in the above series, because u and v are even functions
of time. The quantities u and v may be measured by measuring the reflection from the crys-
tal as a function of a d-c voltage applied to the crystal. The coefficients of the Fourier
series may be obtained from a graphical analysis of the functions u and v. Thus,
erefl. einc. Y' = c1 os Wot[a° + a cos 1lt + a2 os 2alt + .
+ Jbo + Jb1 cos l t + Jb 2 cos 2a1t +. . ] (B6)
Equation (B6) now represents the wave leaving the modulator crystal. It contains
many frequency components, namely, frequencies of the carrier and the carrier plus and minus
multiples of the modulating frequency. The magnitude of a typical component is equal to
(El/2) (a 2 + b 2 )2. The phase angle between the nth component and the incident carrier
may also be evaluated and is tan n For a perfect modulator crystal a b , b2 a s
b3 , ., . would all be zero and only the first two sidebands would be generated. Thus,
when the carrier is reintroduced (as is done in the waveguide leading to the detector crys-
tal) with the proper phase relationship, a pure amplitude-modulated wave is generated. If
higher sidebands are present, their effect is to produce harmonic distortion of the enve-
lope and some phase modulation of the wave. The phase angle between the first sidebands
and the higher sidebands determines the relative amounts of harmonic distortion and phase
modulation. These two effects are relatively unimportant, as long as they are small, as the
detector crystal detects only amplitude variations in the envelope of the wave incident upon
it and the i-f amplifier rejects all harmonics of the intermediate frequency (modulating
frequency).
_ ----_I__·--··I·--·---- I* -
Experimentally it has been determined that the crystal can be matched so that
no reflection occurs at a frequency of w0/2n. Also, the amplitudes of the sideband com-
ponents differing in frequency from the incident wave by + al/2 and higher multiples of
1l/2n were measured to be more than 10 db below the first sidebands. If we neglect the
higher sidebands, Eq. (B6) reduces to
erefl
.
(a + Jbl) [cos(wot + wt) + cos(w0 t - wlt)]
2( 
(2+ b12 )2[cos(Wt + W1t + 0) + cos(wlt - wlt + )] (B7)
where
e = tan 1
81
However, it is much easier to measure only
this quantity, Iy'I , assume that
[ 'II To investigate the use of
erefl = einc. jIY'
By definition from Eq. (B2),
yIl = FU + 2. (39)
Since the modulating voltage is a known function of time, we may again reason
that YI is a function of time of the form
oo
I ' = Ao + E A cos t.
n--1
(310)
But from qs. (B4) and (B5) we have,
a + a1 Cos wt + a2 co 2 wlt + . .1~~~~
+ (b o + b co Wt + b2 co 2 wt + .. .
= J(a o + alcost + a2 cos 2t t . . )2 + (b° + blcoault + bos lt + .
-26-
(B8)
and
(311)
. .)
2
(312)
__ I
Since experimentally we measure ao, a2 a, . . <<al, and bo, b2 i b3, . . b2'83 · · ~a~ ndbo b'1a
llyll 1 1 1t
" + o!b coo 2 t , (313)
We can identify & in q. (Bo2) th + n sq. (sl) 2
Thus from q. (B8),
erefl. = 1 coot rt a,+ b cos lt
# a2 +b 12 Ccos(w + 'Wl)t + cos(wo - l)t]. (B14)
2
3quation (14) is the same expression as was obtained for the reflected voltage
wave when y was use.,except for the constant phase angle, Q. hut this angle is not of
major importance as the relative phase angle between the sidebands and carrier is adjust-
able by adjusting the path length traversed by the sidebands. A measurement of HI'is
therefore a measurement of the amplitude of the reflected sidebands.
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